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The paper analyses Bohm criterion for the formation positive ion sheath in dusty  
plasmas . The criterion may be derived from the dispersion relation. 
 
 
1. Introduction 
 
Bohm considered the criterion for the formation of a stable positive ion 
sheath originally [1] and later then modified to a more general form [2].  
Allen [3] was shown that the criterion could be derived from the dispersion 
relation. The sheath criterion has been applied to many applications such 
as probes and ion sources. However, this holds for the case where electrons 
follow the Maxwellian velocity distribution. The plasma often deviates 
from a thermally equilibrium state. In such a case, it is necessary to obtain 
the criterion and the sheath edge potential from the measured energy 
distribution. Amemiya [4] received the criterion for the formation of a 
stable positive ion sheath for an arbitrary electron velocity distribution 
function to obtain the ion flux. Next, he applied this criterion to plasmas 
containing negative ion [5]. 
Plasmas with dust grains are of interest both for the cosmic space as well 
as for the laboratory plasmas. Examples include cometary environments, 
planetary rings, the instellar medium, and the earth’s magnetosphere [6]. 
Dust has been found to be a determinant component of rf plasmas used in 
the microelectronic processing industry, and it may also be present in the 
limiter regions of fusion plasmas due to the sputtering of carbon by 
energetic particles. It is interesting to note the recent flurry of activity in 
dusty plasma research. It has been driven largely by discoveries of the role 
of dust in quite different settings: The ring of Saturn [6] and the plasma 
processing device [7]. Dusty plasmas contain, beside positive ions and 
electrons, big particles usually negatively charged. They are 
conglomerations of the ions, electrons and neutral particles. These big 
particles, to be called grains, have atomic numbers  in the range of Zd
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10 104_ 6  and their mass  can be equal to 10  of protons mass or more.       
It is assumed, for simplicity, that all grains have equal masses and charges, 
which are practically constant, and the collisions of all particles are 
neglected in the considered interval of time. We note that for dusty 
plasmas ratio of electrical charges of grains to it masses is usually much 
smaller than in the case of negative ions [8]. The ratio of charge to mass 
for a given component of the plasma determines its dynamics [9]. 
md
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       In considered dusty plasmas the size of grains is small to compare with 
average distance between grains. Because dynamics of the dusty plasma 
(electrons, positive ions and dusty grains) are quite different in the time 
and length scales here considered, then the equations for aforementioned 
components of the dusty plasma may be different. We use fluid and Vlasov 
descriptions for appropriate components of the dusty plasma.  
 
2. Generalized sheath criterion 
 
 
 
It is well known that for the Maxwellian velocity distribution for 
electrons the ion velocity  required for the stable sheath formation is 
given by the ion acoustic speed [1] as   
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 where:  and  denote Boltzmann`s constant, temperature of 
electrons and mass of ions, respectively. This so-called Bohm criterion was 
later rewritten more rigorously as [2]: 
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where  is the ion velocity distribution and <  > means the ensemble 
average of the argument. The relation can also be derived from the 
dispersion relations in which Allen showed that the dispersion of a 
longitudinal wave propagating with
f ui ( )
ω / k → 0  (ω  is the frequency and  
is the wave number ) to agree with the sheath criterion eq. (2) in the limit 
of 
k
k Deλ → 0,  where  λ De  is the Debye length for the electrons. Equations 
(1) and (2) are not mathematically correct as they where obtained by series 
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expansions. The simplifying by using the dispersion relation is not rigorous 
as it is based on the linearized Vlasov equations. The use of the dispersion 
relation is a test for interpreting the sheath criterion. It is a physical 
interesting to treat the sheath as a kind of a static wave and furthermore 
convenience in including the effect of velocity distribution. Due to this 
reason in [4] was finding the sheath criterion for plasmas with negative 
ions. We try to find the sheath criterion for plasmas with a dust along this 
line. 
For a general case including electrons, positive ions and dust with the 
velocity distributions   and  respectively, we have the 
dispersion relation in front of the sheath edge as  
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where ω pe ,  ω pi  and ω pd  are plasma frequencies of  electron, positive ion 
and dust respectively. The integral is performed along the Landau’s 
contour [5] avoiding the singularity at u k=ω / .The velocity distributions 
   and  are normalized such that the integration from  
 to  is unity. Due to considering the steady state, we put 
f ue ( ), f ui ( ) f ud ( )
−∞ ∞ ω = o.  
Rearranging the both side of eq. (3) by using  (the mean square 
velocity of electrons), we obtain     
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where ,  and  are masses of electron, positive ion and grain of dust 
respectively, 
me mi md
α is the ratio of the dust density n to the positive ion 
density  at the sheath edge. The equality 3  corresponds to 
the mean energy  in the case of Maxwellian velocity of the 
electron distribution. Although is not always Maxwellian, we define 
the Debye length formally as  
where and 
d 0
ni0
2m ve e< > /2
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ω εp i en e m2 0 2 0= / , ε 0:  dielectric constant in vacuum. This 
Debye length is the shielding length for an electron by positive ions. For 
obtaining the Debye length λ Di  for positive ions in Maxwellian plasma, 
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Poisson’s equation should be solved around a positive ion whose charge is 
screened by electrons and negative charged grains of dust: 
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Expanding the equation for small φ  and assuming φ λ= −exp( / ) / ,r rDi we 
obtain  where λ λ α γ αDi D D DZ Z= − + −[( ) ] ,/1 1 2 γ  being the ratio of the 
mean energy of electrons to that of grains of dust. In any cases of α and 
γ , it becomes λ λDi D≤ .  
The charge neutrality holds at the sheath edge as 
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Due to this reason and by neglecting the imaginary part in (3) and (4), we 
obtain 
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   It will be assumed that k  corresponds to the reciprocal of the 
characteristic length which is given by the sheath thickness and much 
longer than λ D . Under this condition, we may put k Dλ → 0  in eq. (6). 
Due to λ λDi D≤ ,  k Diλ → 0  is automatically filled.  
   If we assume that ( )ef v  can be measured by plane probes, in the form 
energy distributed ( )F E , where , as shown in [4], [5], than the 
first and the second term of right hand side of eq. (6) in the limit 
E m ve= 2 2/
k Dλ → 0  
leads: 
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   In eq. (7) a similar expression is used for a grain of dust velocity 
distribution function  and energy distribution  f vd ( ) F Ed ( ).
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   Therefore, due to the acceleration by a weak electric field in front of the 
sheath, positive ions at the sheath edge have a velocity distribution with a 
narrow velocity width. In such a case [10],[11],[12] : 
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Where: ω , ,k ni0  and  denote a frequency of the wave, the wave number, 
unperturbed ion’s density and unperturbed electron’s density, respectively.  
ne0
These dust-plasma waves admit the case when the temperature of ions  
and the temperature of electrons  are nearly equal: T
Ti
Te Ti e≈ .  The presence 
of dust grains can have profound influence on low frequency waves 
leading to the phase velocity of the waves much smaller than thermal 
velocity of electrons and ions but much greater than the thermal velocity of 
the dust. For that dust-acoustic waves (DAW), in a longitudinal 
approximation, we have the following phase velocity [11]: 
 
ω β/ ,k vd=  
 
 where:  
β δ γδ ),2 1 1= − +Zd ( ) / ( v k T md B e2 = / , d δ = n ni e0 / 0  and γ = T Te i/ .  
 
 For the above described dust-plasma waves ( DAW ) [11] and dust-
plasma-ion (DIAW) [10], fluid approach was used. The same waves were 
obtained from the Vlasov-Poisson system of equation [12]. In both cases 
the global charge neutrality was assumed: n Z n ni d d0 0 e0= + , where  
denote the unperturbed dust density.  
nd 0
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